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LETTERS TO THE EDITORS 

On the search for new solutions of the single-pass crossflow heat exchanger 
problem 

IT WAS IN 1954 when Klinkenberg [l], emphasising the justification for renewed discussion of heat transfer in crossflow heat 
exchangers, wrote : 

It appears that investigators,especially when operating in different fields, have worked along independent lines 
so that the literature on the subject reveals a great many alternative treatments and duplications. 

Now, 30 yearslater(several more alternative treatments have since been published) we are surprised by yet another duplication of 
the exact solution to the Nusselt’s [2,3] mode1 of heat transfer in single-pass crossflow heat exchanger. The latter is due to tach 
[4]. Solutions of the same problem have been presented elsewhere in somewhat different forms and, in view of the importance of 
Nusselt’s model, the relationship between the various solutions should be recognised. Otherwise, we may see yet another 
rediscovery in the future. 

It is the intention of this letter to point out that the solution ofLach [4] is an alternative and that it is completely equivalent to 
those of Nusselt [2], Smith [S], Binnie and Poole [6], Mason [7], Kuhl [S], Schedwill[9] and Ishimaru et al. [lo]. Each of these 
solutions is explicit and tach’s statement that the “system ofequations is usually transformed into a Volterra integral equation” 
can be regarded as true just in the case of Nusselt’s second paper [3] where such a transformation was used. 

Several more remarks stand when tach’s paper is considered. The first might be a printing error, however one can note a 
systematical appearance of an error in the argument of the exponential function in tach’s equations (7) and (9), i.e. [-a + (ah/s, 
+ b)] should read -as&, + b). Secondly, the statement that : 

Mikusinski’s operational calculus, used for resolving the problem, is more useful than Laplace 
transformations because it is easier to proceed from the operator form to the solution to its functional form 

does not hold at all. The Laplace transform technique is nothing more than operational calculus and proceeding from the 
operator form (transformate) to the functional form (original) is straightforward and unique. The Laplace transform has been 
effectively used to solve the same problem by Mason [7] and Ishimaru et al. [lo]. Mason’s complete procedure is given on pp. 
617-621 of Kern and Kraus’ book [11] (unfortunately with some obvious printing errors). The Laplace transform method has 
been proven in many texts as a powerful tool for solving even more general crossflow heat exchanger problems. Just to mention a 
few recent works. Romie’s [ 121 solution for the transient response of a single-pass crossflow heat exchanger, obtained by Laplace 
transform, yields a steady-state (Nusselt’s) solution as a special case. The solutions for a number of multipass crossflow heat 
exchanger arrangements presented in [13-H] are results of the application of the Laplace transform technique. Generally 
speaking, to solve any of the problems mathematically isomorphous with heat transfer in crossflow exchangers, including heat 
transfer in packed beds and regenerators, mass transfer in adsorption and ion exchange columns, etc., it is sufficient to recognise 
the following two Laplace transform pairs : 

and 

If&y) = e-(x+y) m n=i_l i nl 
c (-) 

(y/xr’zI”(2&) = u,;l, 
{ 

exp [-:‘@+I)] 
1 

(4 

where I,(*) are modified Bessel functions of integer(n) order, and i = 1,2,3,. . . By using equations (1) and (2) together with the 
principal properties of the Laplace transform, one can solve many problems described by hyperbolic partial differential 
equations. An example, concerning a three-fluid crossflow heat exchanger, is presented in [16]. 

The notation q,c and &for the functions with the Laplace transforms given in the equations (1) and (2) is adopted from [17], 
however in the literature on heat and mass transfer one can find various other notations for the functions of this class. A reference 
list pleading for completeness might have hundreds of entries and that is why just a few classical and few recent ones will be 
mentioned here. The V,(x, y) function, denoted as J(x, y) and named as ‘fundamental’ by Carslaw and Jaeger [18] is the so-called 
Anzelius-Schumann [19,20] function. Its properties have been studied extensively by Goldstein [21] and it is tabulated to six 
SignificantfiguresinTable 10.1 ofSherwoodetal.‘s[22] textbookonmass transfer. Romie[12,23]denotes the V,(x,y)functionas 
H,(x,y), or more generally he uses the H,_ I(x,y) functions which are related to the k’(x, y) functions as H,_ r(x, y) = 

‘- t (i-l)!vJx,Y)/Y . Romie’s B(x, y) function is identical to the Vi ,,(x, y) function, and some other Laplace transform pairs relevant 
to the problem under consideration are listed in his Table 1 cl2]. 

Since the aim of this letter is to stress the fact that Lath’s solution is just an alternative to the already known solutions, we will 
now show what are in fact the functions Bes,(x, y) and Es&, y) used by Lath [4]. The functions 

m 

Bes,(x, y) = 
.+y 

t=,:_.,o,@+n)!k! 
used by Lath for n 3 0 are nothing more than scaled modified Bessel functions of integer (n) order: 

(3) 

B&x, Y) = (x/~)“‘%2&~) = kg” $$, for n 3 0, 
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with double Laplace transform 

Y,,,{Y,,,{Bes,(x,Y)}) = -‘----- 
s”(ps ~- I) ’ 

n > 0. i5! 

For n < 0 equation (3) states in fact that the arguments x and Y should interchange their position in the representation 

Bes,(x,y) = (Y/x))“~*Z_,(2&) = ,$_m&+$j, for n i 0, 

since I_, = I,, and the Laplace transform is now 

The other class of functions used by tach [4] are 

Z%(X,Y) = ,=$t,.“,;;$;;- 

These functions belong to the Neumann series type since, say for n > 0, we have 

&(x,Y) = if fT’f = -%2x f_,(s_~xps_l~ = 2 (x/Y)“‘zZ,(2&,. 
Ill=” Ir 0 m=” 

i9) 

tach’s [4] final results are expressed in the terms of Z&(x, Y), Bs,(x, Y) and Bs _ r(x, y) functions which are in fact : 

The last equality in the equations (lo)-(12) is related to the fundamental expansion theorem of the Bessel coefficients and the 
generating function of the modified Bessel functions (see Goldstein [21, p. 1593). 

Recognising Bs,(x, y) as in equation (10) above, one finds it identical to the function 0 of Binnie and Poole’s [6] equation (30). 
Furthermore,thefinalformoftheLach’ssolution [4,equation(l9)] isexactlythesameas theequations(l7)and(l@ofBinnieand 
Poole [6]. 

Before we proceed with the comparison of various other available results let us demonstrate the use of the Laplace transform 
technique for solving the single-pass crossflow heat exchanger problem with arbitrary inlet fluid temperature distributions. We 
will use coefficient-free equations and widely accepted heat exchanger parameters [24] : N,, = kA&, is the number of transfer 
units and C* = Cmi,,/Cmsx is the fluid capacity rate ratio. If we denote all quantities referring to the weaker fluid (&,,) flowing in 5 
direction with subscript 1 and those referring to stronger fluid (C,,,) flowing in TV direction with subscript 2, then the 
dimensionless fluid temperature fields 0,(& q) and S,(& r~) in a core of a single-pass crossflow heat exchanger are governed by the 
following equations 

%+s,-s,=o 
in O< 5 <N,, and 

r38,+**-tZ* =o 

0 < r~ Q C*N,, 

da 

Il.3) 

(14) 

subject to the inlet conditions 

~AO,V) = 4,(q) (15) 

M&O) = M). 116) 

When the solution to the above problem is available one can determine the separating wall temperature distribution from the 
following equation 

e (r p) = se&, d + w, 9) 
v 1 s+1 ’ 

with S = (q,M),/(~,iiA), 117) 

where qo, a and A are the extended surface efficiency, average heat transfer coefficient and total heat transfer area at the respective 
sides of the wall. 

It is convenient to apply the Laplace transform with respect to both variables, i.e. r~ + p and 5 + s, in order to solve the system 
(13)-(16). The application of the Laplace transform 

f&. = &(5, p) = .ftp,+,{Bi(T, tl)}, i = I32 (18) 

to the equations (13) and (15) yields 

do,, __ +B,,-o,, = 0 
dt 
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and 

respectively, while from the equation (14), with (16) taken into account, one obtains 

(P+l)&.-61L = MO 

Now, applying the transform 

$iL. z i&(s,P) = IP<-es{eiI,(t,P)), i = l, 2 

to the equations (19)(21) one obtains a set of algebraic equations 

(s+l)&-kc = Q&) 

(P + 1)&c - $1, = A(s), 

from which one obtains 

$,, = (P+ 1)&L(P) + S*(s) 
ps+s+p ps+s+p 

gzL = 41JP) I (s+Mk). 
ps+s+p ps+s+p 

These results can be rewritten as 

(20) 

(21) 

(22) 

(23) 

(24) 

(25) 

(26) 

(27) 

i$,, = &L(P) 

)c > 
(28) 

(P+1 s+--& P+s 

In order to obtain temperature fields 6x<, n), i = 1,2, from the equations (27) and (28) one has to apply the inversion theorem. 
For the first terms on the RHS of theseequationsit is plausible to apply first the transformation PS?<and then P’$,,, while for the 
second terms this order should be reversed, i.e. 

When the first inversion is performed one is left with the equations 

(30) 

(31) 

(32) 

and it is now obvious that the second inverse transformation will yield the convolution of the analytical functions with the 
prescribed functions at the boundaries [inlet temperature distributions &@I) and &(r), respectively] : 

O,Ktl) = 
5 

‘I4ANe%-4+ V,,&--v,t)l dv+ cG4V,,o(~,t-4 du = d~h) evC+ *41~v)V,,o~~-v,t) du 0 s 0 I 0 

+ )dWds,~-d du (33) 
5 

U&s) = ‘cG@‘,,&,?-a) dn+M) e-‘+ 
5 I 

C~~(u)V&t-u,d du. (34) 0 0 
Lath’s [4] equations (8) and (9) are completely equivalent to these general results obtained by the Laplace transforms. 

To include a wide range of practical situations let the arbitrary inlet fluid temperature distributions be presented by a power 
series or polynomials of the form 

(36) 
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Then, from equations (31) and (32) we have 

exp --C 
..( J s+l 

S”“(SS.1) 

In theseequations theidentity l/[z”(z+ l)] = c (- l)m+M+’ (z)~“‘(Rc p > 1-M 2 l)hasbeenusedoncefor-_ --= sandonce 
lfl=M+l 

for z = p. 

One can note the reversed order of arguments r and 9 in the functions multiplying the coefficients 8,. and &,. The functions 
I/;(x, y) are not symmetrical with respect to the interchange of the position of their arguments, and for i > 2 the following relation 
holds 

That this is true can be seen immediately by taking the double Laplace transform of both sides of this equation. For i = 1. see 
Goldstein [21, equation (47)], we have 

V,(y,x)= l+v,,,(x,yl--,(.u.L‘). t401 

From the general solution, equations (37) and (38), for arbitrary inlet temperature distributions, it is easy to obtain particular 
solutions for uniform inlet temperatures- the case studied by many authors as mentioned above-by putting 4 ,(q) and (p2(<) to 
besomeconstants,say& and &,respectively.Thus,oneshoulduse~,, = &,&IT and/?& = 6,,~‘,,where6,,isKronecker’sdelta, 
in equations (37) and (38) to obtain 

However, 

c (- l)“U.% Y) = Vl(X, VI- ~l.,(.K..V) = 1 - V,(Y, -4 (4.3) 
In=2 

so that finally 

8,(5.?) = &+(~;-@)vi(5.1) (44) 

%(5. V) = & -(ti -- &)V,(s <). 145) 

Ifthecrossflow heat exchanger is an element ofthe heat exchanger network, then theinlet temperatures c$; and 4’; will correspond 
to the values at particular gridpoints. However, if the single-pass unit is regarded per se, then it is convenient to choose the 
dimensionless weaker fluid inlet temperature to be equal to one(& = 1) and that of stronger fluid to be zero (4; = 0). Then, from 
(44) and (45) the well-known solution is 

e,(&V) = vice, V) 1461 

o,(g,n) = 1 - v,crl. 0. 147) 

It is just the Vi function’s different representations that made the solutions of various authors appear different. To recognise 
them as completely equivalent we note that following identities hold: 

x 

V,(\-,y) = 1 -em’ 
I 

e-“l&2,/$~) du (48) 
0 
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(54) 

= 1 -e-(X+y) g (x/y)““J,(2Jxy). 
“=, 

(55) 

The simplest way to prove any of these equations is by taking the Laplace transform with respect to both variables and using 
some additional algebra. The choice of one or the other relation is governed by purely computational aspects, i.e. the convergence 
criteria, which we will not discuss here. We just note that the preference of some formula strongly depends on the relative 
magnitude of the arguments x and y, and for some asymptotic relations the reader should consult the papers by Goldstein [21] 
and Klinkenberg Cl]. 

With the identities (48)-(55) available, one can make a unified survey of all available solutions to the problem under 
consideration. In Table 1 we present the rediscovery of Nusselt’s solutions by eight other authors. To verify their complete 
equivalence one should apply some of the relations given by equations (48)-(55), the ‘interchange of the arguments’ relation (40), 
and to recall that J,(k) = i”l,(z). For example, the use of the latter property of Bessel functions of imaginary argument makes the 
Schedwill [9] equations (4.70) and (4.71) immediately identical to the Binnie and Poole [6] equations (17) and (18), respectively. 

Having the solution, i.e. the explicit relations for fluid temperature fields, 0,(&q) and 0,(l, q), one can obtain any additionally 
desired information in a straightforward manner. Let us summarise some of these results. 

The local driving force in the exchanger, i.e. the local fluid temperature difference, is [from (46) and (47) with (40) and (1) being 
used] : 

Mt;,rlF-Mt,tl) = V,,dt,rl) = e-ts+%G&h~ (56) 
as given for the first time by Binme and Poole [6] in their equation (19), and rediscovered later by Mason [7] in his equation (11). 

The wall temperature distribution may be simply obtained by introducing (46) and (47) into (17) as 

and was not considered by any of the authors. It is worthwhile to make a quick analysis of this result. An obvious conclusion is 
that the wall temperature 0,(& 7) coincides with the weaker fluid temperature distribution 0,(&r)) for S 4 co (negligible 
resistance on side l), and with stronger fluid temperature 0,(&r)) for S -+ O(negligible resistance on side 2). For any finite value of 
the resistance ratio S the wall temperature will be between 0,(& rf) and @Jr, a) as illustrated in Fig. 1 for symmetric resistances 
(S = 1). 

Table 1. Unified survey of the solutions to the crossflow heat exchanger problem* 

Author Ref. 

Nusselt, 1911 I21 

Nusselt, 1930 c31 

Smith, 1934t CSI 

Binnie and Poole, 1937 C61 

Mason, 1955$ c71 

Kiihl, 1959 PI 

Schedwill, 1968 r91 

Ishimaru et al., 1976 

Romie. 1983 

tach, 1983 M 

- 
Solution Equation 

TIT0 = V,WYIWY,, KWwx,) 
t/T, = 1 - V,(KFx/wx,, KFy/Wy,,) 

T(x, Y) = v,(by, ax) 
0(x, y) = 1 - V,(ux, by) 

t-t; 
- = V,(y', x’) 
t,-t; 

F = V,(P,~ 
f= l-Vl(4.P) 

(7x9 Y) = V,&Y~ bx) 

“0 = v,(x,y) 
0, = 1 - Vi&X) 

v-v; 
~ = V,(ay, bx) 
II,-v; 

v’-0; 
__ = 1 - V,(bx, ay) 
v,-v; 

e,(x, Y) = Vl(NTU,~NTU,X) 
0,(X, Y) = l- V,(NTU,X,NTU,Y) 

11, lla 
12 

19,20 
13b, 19,20 

see the third 
column on p. 606 

17 
18 

11 

22 
23 

4.70 

4.71 

9 (1) 
9 (2) 

13 

14 

19 (1) 
19 (1) 

*The notations of dependent and independent variables are those from the corresponding reference. 
t Smith’s formula on p. 606 contains the following printing errors : the first summation should start from u 

= 0, and the factorial sign with v in the numerator should be omitted. 
$ Mason presents in fact the result for dimensionless local fluid temperature difference. 
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0 

0 05 1.0 
SiNt,,-+ 

FIG. 1. Fluids and wall temperature Gelds in a crossflow beat exchanger. 

An interesting result, perhaps, is along the ‘diagonal’ z = < = q of the separating wait. The wall temperatures at such locations 
are 

6,(2, z) = ,’ 
[ 

I+ &$e- z’lo(2z) 1 
and it is clear that the wall will be isothermal (at @, = 4, the arithmetic mean of the &rids inlet temperatures) along this line if the 
resistances are symmetric (S = 1) on both its sides. The location of the ‘diagonal’ is strongly dependent on the fluid capacity rate 
ratio (C*) as presented in Fig. 2, and the opposing thermal stresses in the wall’s regions bounded respectively by this line have 
proved to be crucial in practice. 

The outlet fluid temperature profiles 

and 

FIG. 2. The lines along which the exchanger core becomes isothermal for the same resistances on both sides. 
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can be used for the evaluation of the mean outlet temperatures 

and 

% 
1 

&out = - 
s 

N,” 

N,, o 
%a(& C*N,“) d& (62) 

respectively. When this is done one obtains 

e I rout = V,W,m C*~~“)/C*~*” (63) 

% z,out = 1 - Q(C*N,u, NJ&, (64) 

where the V, function belongs to the same class defined by equation (2) and is simply the integral of the V, function with respect to 
the second argument. The overall balance equation for the exchanger 

e 2.S”, = C*(l-%,.3 (65) 

is satisfied by the last two equations since the interchange of the position of arguments in V, function [see(39) for i = 2] obeys the 
relation 

v,(Y, 4 = x -Y + v,(x, Y). (66) 

The heat exchanger effectiveness 

& = 1 -t?,,,“, = e2 .“Jc* (67) 

for Nusselt’s cros&ow assumptions, will thus be 

E = s(C*, N,) = 1 - V&V,, C*NJC*N,, (68) 

and one can arrive at as many different, but equivalent, formulae for s(C*, N,,) as there are possible ways to present the V, 
function. It is immediately clear that, since 

v,(x, Y) = 
s 

Y 
v,(x, n) du, (69) 

0 

and since there is a long list [see (48)-(55)] of expressions for the V, function, one can expect a number of rediscoveries of formula 
(68). This has happened several times during more than half a century. 

Reviewing the results of various authors, again in chronological order, one can derive the following conclusions on the search 
for the effectiveness formula. 

In his pioneering work [2] Nusselt did not use any term that resembles the heat exchanger effectiveness, but he did point out the 
way of calculating the actual heat transfer in his equations (19) and (19a). Since the effectiveness is merely the dimensionless 
(normalised to the values between 0 and 1) actual heat transfer rate, one can deduce, by making Nusselt’s equation (19) 
dimensionless and using his equation (18) foIlowing from (11) (see the first entry in our Table 1 as well), that the quantity 

V,(KF/U: KFx/wx,) dx = I- 2 s KF,V 

V,(KF/Wu)du 
0 

in his notation stands for the effectiveness. Upon recognising that Nusselt’s KF/Wstands for N,, and KF/w for C*N,,, one easily 
verifies that equation (70) leads, via (69), to equation (68). 

The search for new solutions to the crosstlow heat exchanger problem was initiated by Nusselt himself in his second paper [3]. 
He was aware of the highly transcendental nature of the solution and thus started studies which have contirmed to the present 
day. In 1930 Nusselt real&d the advantage of the use ofd~en~onl~s mean fluid outlet temperatures and we can follow his steps 
in terms of the & functions as follows. His equations (21) and (22) represent V1(b,ax), so that equation (23) can be read as 

T, = 
s 

1 
V,(b, 4 dx, (71) 

0 

which yields (23a), such that, together with (24), is just a representation of the V, function, i.e. 

T, = V,(b, u)/u. (721 

When he later, in the first ofhis equations (26), introduces the quantity r = 1 - T, we can interpret this as the effectiveness for the 
casesa G b,i.e.a = C*N,, and b = N,,.Ifa > b thenNusselt’squantity denoted bynistheeffectivenessand &ecomesC*s where 
C* stands for his b/u. In other words Nusselt was able to show that the aforementioned relations (63) and (64) combined with (67) 
verify the unique solution. 

Finally Nusselt was the first to write down, in the third of his equations (26), the relation that we now recognise to be valid for 
any heat exchanger : the effectiveness divided by the number of transfer units is a dimensionless mean temperature difference : 

1 &+_;=- 
clivt” 

J J- 

& 

*II c*GI 0 
t?K d- @K $1 dt dtl. (73) 

0 
In 1934 Smith [S] presents an implicit formula for the dimensionless mean temperature difference denoting it by r. We can 

easily establish that his formula for the effectiveness is 

(u + u)! 
u!(u + l)!u!(u+ l)! 

C*“N”+“+t 

I” u=oo=o 
since he uses the variables r = A%,,, = s/N,,,, p = E and q = C*s. To prove the validity of Smith’s formula, one has just to combine 
the representation of V, function given by (51) with equations (68) and (69). 

ma 28:10-L 
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The effectiveness formula of Binnie and Poole 161, following from their equation (21) with 4 = C*N,, and p = N,,. is 

X = , _ 2& e h”(1 I-c-1 f nC*“‘Z1,(2N,,jrC$ (‘5) 
10 “7, 

which is again identical to (68) when 1/,(N,,, C*N,,) is introduced from equation i2). 
Mason [7] derived the effectiveness formula in the following form 

I: = &N,;“tO[l -e~““r~~,(N,“)‘/k! 
11 

_l -e-L:*“‘-~~~(C*N,.)*,t! 
1 

(76) 

by evaluating the dimensionless mean temperature difference and using the relation (73). This is again completely equivalent to 
equation (68). 

With Kiihl’s [8] notation ‘lo = E, .x0 = N,, and yn ==: C’*N,,, one can recognise that his equations (27) and (28) combine to give 

1 
c=l- ------ee”‘“” “*‘n$O(N,,)“/n! i (m-n)(C*N,,)“/m! 

C*N,” 
(77) 

In=“?, 

which is another representation of the result (68) with Fz obtained by integrating by parts (69) with integrand of the form given in 
(50). We note that the Kilhl’s formula for effectiveness can be written as 

e(C*.N,,,= ,_em"'n_e-N'u'l +c‘*l i (NJ/n! I; (m-n)(C*N,,)"-'/VI! (78) 
"all ,n=-n+ L 

or, upon rearranging the order of double summation, as 

E(C*,N,,) = , _e-~~“_e-N,ull+(‘f, i: (C*N,,)"/(n t I)! i (n+ 1 -m)(N,,)“/m!. (79) 
n= i .n = 1 

Either of these forms is suitable for recognition that ~(0, N,,) = 1 - exp ( -NJ is valid for the Nusselt’s crossflow heat exchanger 
mode1 as it is for any other flow arrangement. 

Schedwill’s [9] equation (4.84) with 4 F a, kF/W, = N,, and W,/W’ = C* is absolutely identical to Binnie and Poole’s result 
presented above in equation (75). One has just to express the Bessel functions ofimaginary argument as modified Bessel functions. 

Ishimura et al. [lo] presented the effectiveness [their equation (lo)] as 

(80) 

where R = W,/W,- the heat capacity rate ratio is simply the ratio of the hot side and cold side number of transfer units 
(R = N TLJ,,/NTU,). Incidently, in the last term of this expression there is an obvious error in [lo], since instead of (mt n + l)! 
just (m + n)! is printed. Their result is obtained by using Vi, given in (52) integrating it as in (69) and equation (68) is again repro- 
ducedfor NTU, = N,, and NTU, = C*N,,. 

Anotherrepresentationoftheresult for&(C*, N,,)given by(68)ispresentedin [25].It isin theformofaNeumannseriessimilar 
to the Binnie and Poole formula, equation (75), but slightly rearranged, with the help of a recursive relation for mod&d Bessel 
functions, into an advantageous relation so that the result for a balanced exchanger (C* = I): 

E = 1 --e *N”‘LID(2N,,)+I,(2N,,)l 181) 

becomes immediately recognisable. 
Just before the recent appearance of Lath’s paper [4], Komie 1121 proved, by his equation (20), that the result (68) for the 

effectiveness is obtainable as a special (steady-state) case of a more general (transient) consideration ofcrossflow heat exchanger 
problem. 

And finally we arrive attach’s [4] rediscovery of the effectiveness formula. For +,, = E, a = N,, and b = C*N,, onecan read his 
equation (29) as 

I 

I:= FT+e --Nt"(' +P' Bs,(N,,,(‘*N,,)- (1; Bs_,(N,,,C*N,,) 
/ I 

(82) 

However, Bs, and Bsx, functions have the representations given by the equations (11) and (12) and if one chooses the forms 
starting with the term eX+Y, tach’s result becomes 

which is absolutely identical to the formula presented in [ZSJ. 
tach [4] plotted the E-N,, curves in his Fig. 2, but it appears that the graph is not as accurate as many others previously 

published (see for example [9, 11,24,26,27]). Tables of numerical values of crossflow heat exchanger effectiveness have also 
appeared in various texts, but unfortunately, not always with the same adequate accuracy. These are often referred to in 
connection with various comparisons and it is worthwhile, for archival purposes, to have reliable s-values as those given in Table 
2 where the six decimal places shown are just truncations from s-values calculated to 12 significant figures. The CPU time for 
generating this table was 1 s on the Amdahl V/7 computer at Leeds University. 

Before ending this comment let us stress that Lath’s [4] statement in the fourth paragraph of his conclusions should be 
regarded in two ways. The first sentence, “The exact solution of the problem has made it possible to derive the formulas for basic 
cross-flow recuperator parameters”, is equally applicable to the work of all his predecessors and not only can the formulae 
already discussed be derived from the exact solution (whatever its form is), but some additional information as well. This will be 
discussed below. Lath’s second statement, of the same paragraph, that “it is not necessary to perform calculations using formulas 
for the counter-flow recuperator and the appropriate correction factors”, might be misleading. Namely, it is clear that the explicit 
relations for O,,,,,, OZ,out, , E A@,,, are all given as the functions of N,, and C*, but the problem of presenting N,, = f(a, C*) or 
AO, = (P(E, C*) for the Nusselt model of crossflow heat exchanger appears to be intractable, as correctly stated by Binnie and 
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Poole [6] almost 50 years ago. Thus the, practically very important, sizing problem when a designer starts with Cour 
known temperatures at the exchanger inlets and outlets in order to determine necessary heat transfer area for required duty, 
will lead always to the procedures that involve some kind of trial and error steps. At that stage either correction factors, or 
graphical methods on c-N,, charts, or interpolation methods based on tabulated functions, or computerised search 
techniques, or approximate formulae will be required. 

Finally, let us briefly review some of the information that various authors hare not extracted from Nusselt’s solution. 
Having the solution (46) and (47) to the problem one can calculate the mean temperatures of each fluid in heat exchanger core : 

, ,yc*ivt, (v,, 

and 

1 r(‘*,v,, 

! s 

N,” 
c& = - 

C*Ni?u I, 
O,(t. 7) d5 ds. (X5! 

o 
These might be then used for the more precise evaluation of the thermophysical properties of the fluids, which are assumed to be 
constant in Nusselt’s model.? For a proper choice of the conductivities of the wall and fin materials it is necessary to have the 
information on the mean wall temperature in the exchanger. Since the local wall temperature is governed by the local fluid 
temperatures and the ratio of heat transfer resistances of each side. according to equation (17), the same type of relation will be 
valid for the mean wall and fluid temperatures : 

i86) 

It must be clear that we need to evaluate just one of the mean integral temperatures, say H,,, since the other will be 

O,, = O,,+AO,, (87) 

where AO, = s/N,, [see equation (73)]. The true mean temperature of the ‘stronger’ fluid, that undergoes the smaller changes in 
temperatures, is 

(88) 

where V, function is defined by equation (2) as well. For C* + O(condenserorevaporatorcase)8,, = Oandl),, = (1 --e N’“)/N,, 
since then E = 1 -e-N1u for any exchanger. Another limit ofinterest is for N,, + ‘13 when E -+ 1 for any C* : both Ozm and H,, are 
then equal to C*/2 which is the arithmetic mean as well. Finally, for the balanced exchanger (C* = 1) we have 

O,, = (1 --A@,)/2 = (I -e,/N,,)/Z (89) 

f3,,,, = (1 +A#,)/2 = (1 +c,/N,,)/? (90) 

IYl! 

where s1 stands for the effectiveness given by equation (81). 
The evaluation of true mean temperatures is readily accommodated on the computer, but to facilitate the hand calculations in 

the design procedure, it is convenient to have a joint E-N,, and 8,, - N,, diagram as presented in Fig. 3. For an exchanger 
operating at point A with NtUA, CX, E,, one can find on the lower part of the graph OzmA on the same abscissa N,,, and for same 
value of Cg. A straight line through the origin and point A will cut the value of AO, as the vertical at N,, = 1. The other mean 
temperature Ofm is then simply the sum of AO, and Ozm as shown schematically in Fig. 3. Note that the reciprocal value of the true 
mean temperature difference can be read at the N,, axis at the location where the OA line cuts E = 1. 

Of many other pieces of information which can be extracted from Nusselt’s solution by analytical procedures, let us mention 
just another one that might be useful in various optimisation tasks for crossflow heat exchanger. We have in mind the local slope 
of the E-N,, curve : 

--- 
~,G’N,,g’C*) ~- exp [ - N,,( 1 + C*)] 

=. = --,i~jp 
(92) 

This is easily obtained from the equation (68). This function will appear in many optimisation problems. Namely, whatsoever is 
the optimisation criterion K = K(C*, N,,, X, .), the extremum condition aK/3Xi = 0, where Xi is some design variable to be 
optimised, will alwayscontain,due to chain ruledifferentiation [fur example(aK/ae)(ae/aN,,XaN,,/aXi) = 01, the factor c?.s/dN,, 
which represents the rate of the effectiveness increment with increasing the number of transfer units, i.e. the heat transfer area. 

This result and many others discussed above are in closed form and are readily obtained so we may conclude that the crossflow 
heat exchanger problem modelled on the Nusselt assumptions is completely exhausted and that no ‘new’solutions are necessary 
or needed. However, there is a certain probability that some other journal in some other time will publish anew rediscovery ofthe 
same solution in an other notation 

t Common practice 1281 is to use mean arithmetic temperatures for both fluids if C* 2 0.5, and just for stronger fluid if 
C* < 0.5 when for the weaker fluid one should add the exchanger’s log-mean temperature to the arithmetic mean temperature 
of the stronger fluid. This can provide satisfactory results for very large (in terms of N,,) exchangers when the perform- 
ances are practically insensitive to the relatively small changes in exchanger size. The arithmetic means can and should be 
used as orientational values up to the design procedure instance when N,, becomes known. Starting from that moment 
the design procedure should incorporate the true mean temperatures and the influence of exchanger’s real size will thus 
be correctly accommodated. 
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FIG. 3. A joint plot of theeffectiveness and mean integral temperature of the stronger fluid as a function of N,, 
and Ct. 

Say, how about the new formula : 

Well, this is probably the longest letter to the Editors of the lnt~nafio~l~~~l of Heat and Mass Transfer ever written. We 
sincerely believe that Wilhelm Nusseit, from whom we still learn, deserves the time we spent and the space you, the Editors, 
provided for (hopefully) the closure of the vicious circle around one of his earliest heat transfer problems. 
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On the general solution to a certain class of heat and/or mass transfer 
problems 

WE WOULD like to thank B. S. Baclic and P. J. Heggs for very valuable remarks presented in their letter to the Editors [l] on the 
paper 121. The first part of their letter is concerned with the problems which we found necessary to respond to by presenting our 
common view. We hope that such a discussion will prove helpful in clearing up, and perhaps partly, in unifying the approach to a 
certain class of problems in application of heat and/or mass transfer theory. Most of the remarks presented in [l] had already 
been discussed in our private communication after [2] and [3] and before [4] were published. We are thus not surprised by the 
letter of Baclic and Heggs. It was our intention to make a similar review concerned with the methods applied to solutions of the 
problems postulated in the theory of heat and/or mass transfer, which are described by partial differential equations of the first 
degree as well as by Volterra’s integral equations. So far only a small part of the project has been realized [S] and [6] in which the 
results achieved by Nusselt, Carslaw and Jaeger, Anzelius, Schumann (see refs. [2,3, 18-201 of ref. Cl]), Thomas [7], Brinkley 
[S] and Bonilla et ul. [9] were discussed. More works within this scope are being advanced. These also include analysis of some 
references given in [l]. We acknowledge the fact that Baclic and Heggs quote the additional publications which should also be 
discussed. 

The review of uarious equivalentforms of the solution of the Nusselt’s model of the crossflow recuperator [i] is very valuable. 
We thank the authors for the effort they have made. A diversified approach to the foregoing problems (including the crossflow 
recuperator) stems from numerous trials in defining some special functions related to the Bessel functions. As far as we know, the 
authors of the special functions quoted in the letter did not deal with mathematical aspects of the boundary problem presented 
below. These authors, however, defined some special functions based only on the analysis of particular cases of the boundary 
problem. As to their Table 1, it should be supplemented at least by the works of Rabinovitch, whose results are presented in [IO]. 
We should admit that we were not familiar with all the forms of the solution given by Baclic and Heggs, on the other hand one 
should mention here considerations by di Federico [l l] which are also concerned with the problem discussed. However, the 
latter takes into account heat generation in one of the liquids. In [l l] the set of Volterra’s integral equations is solved. 

With regard to the minor remark made by Baclic and Heggs in their letter, it is worth noting here that under some assumptions 
differential equations are frequently replaced by integral equations, which in such a case are just Volterra’s equations. Next, one 
can then apply different versions of the fixed point theorem, of which those of Banach and Schauder are most commonly used. 
Such a treatment makes it possible to analyze both linear and nonlinear equations unlike these where operational calculus 
(including Laplace’s transformation) are applied. 

Before we go into more specific discussion we should admit that indeed in [2] there is a printing error in the argument of the 
exponential functions which was noticed in [l]. 

Further considerations will be refered to broader problems defined in the analyses ofrecuperators, regenerators, ion-exchange 
columns, chemical reactors, nuclear reactors etc. These problems are frequently undertaken anew, e.g. by Montakhab [12], and 
this has prompted us to elaborate [13]. 


